We have studied how the energy spectrum of muons at production affects some of the most common measurements related to muons in extensive air shower studies, namely, the number of muons at the ground, the slope of the lateral distribution of muons, the apparent muon production depth, and the arrival time delay of muons at ground. We found that by changing the energy spectrum by an amount consistent with the difference between current models (namely EPOS-LHC and QGSJet-II.04), the muon surface density at ground increases 5% at 20
Introduction
In recent years, a new generation of experiments has measured with unprecedented precision the energy spectrum of Ultra High Energy Cosmic Rays (UHECR), demonstrating the existence of a cutoff at the GZK energies [1, 2] . However, it is not yet possible to determine the mass of those particles with enough precision to constrain the astrophysical scenarios for their origin, and thus distinguish the origin of such a cutoff, which can be due to the exhaustion of the energy at the sources or to the interaction of the UHECR with the Cosmic Microwave Background Radiation (CMB).
UHECR interact with atmospheric atomic nuclei producing a cascading process of particle reactions commonly designated by Extensive Air Shower (EAS). EAS can be measured by detecting the radiation emitted by their passage through the atmosphere or by sampling the secondary particles at ground. The reconstruction of the primary UHECR properties relies on our understanding of EAS physics and, in particular, of hadronic particle interactions. Our knowledge of hadronic interactions is limited, which is translated into phenomenological models including parameters supported by experiments only up to LHC energies. Moreover, the available accelerator data do not cover the full kinematic region of interest, namely the forward region, nor the full possible interaction systems such as pion-Nitrogen interactions, which are of the utmost importance for the description of the shower development. In summary, the different compositions of the UHECR, uncertainties in the hadronic interactions extrapolations, and the possibility of new physics scenarios at the highest energies often share the same phase-space of EAS observables, making it difficult to disentangle hadronic physics effects from UHECR mass determination. The Pierre Auger Collaboration [3] interprets the evolution of the electromagnetic shower maximum with increasing energy as an indication towards a heavier primary composition [4, 5] . On the other hand, hadronic interaction models fail to accurately predict the number of muons that reach the ground. At 10 19 eV the mean muon number in simulations would have to be increased by 30% (EPOS-LHC) to 80% (QGSJet-II.04) [6] to match the number of muons deduced from the depth of the electromagnetic shower maximum. Moreover, measurements of the depth at which the muon production rate reaches its maximum at energies above 10 19.2 [7] are strongly inconsistent with EPOS-LHC predictions.
In each hadronic interaction, the produced π 0 carry around 25% of the energy. They decay almost instantly into photons feeding the electromagnetic cascade. The rest of the energy is carried mainly by charged pions and also other mesons and barions, which continue the hadronic cascade. They eventually decay into muons whenever their energy drops below their critical energy, O(100 GeV). In this way, the muons act as tracers of the hadronic development: their study gives access to the details of the hadronic cascade. Assuming that the composition can be properly understood, a discrepancy between observed and predicted muon numbers, might indicate a change in the fraction of energy carried by the neutral pions, hadronic cross sections, or hadronic multi-particle production.
This paper explores a complementary scenario: a change in the energy distribution of the muons at production (leaving the total number of produced muons unaltered) might produce changes in the muon measurements performed at ground. In particular, it could mimic (or contribute to changes in) the number of muons arriving at ground. Note that the energy distribution of the muons is directly linked to the angular distribution of muon trajectories, the probability of decay, the interactions with the geomagnetic field and Coulomb scattering. In summary, we study the sensitivity of muon observables at ground to changes in the energy of muons at production, keeping their overall number constant.
The paper is organised as follows. In section 2, we describe the muon distributions at production. In section 3, we present the details regarding the modification of the muon energy spectrum and its propagation to the ground. The results obtained for the muon observables at ground are shown and discussed in sections 4 and 5. Finally, we summarise all results in section 6.
Distribution of muons at production
According to [8, 9] , the positions where muons are produced (where the parent mesons decay) are confined to a relatively narrow cylinder, of a few tens of meters, around the shower axis. Thus, muons can be approximated as being produced along the shower axis every dX (depth in g/cm 2 of crossed atmosphere), within a given energy and transverse momentum interval dE i and dp t , respectively:
In [8] , it was proven that F (X, E i , cp t ) contains all the relevant information needed to fully determine the distributions at the ground. Using the transport model described also in [8] , it was thus possible to fast simulate the effects on the observed muon distributions at the ground after introducing modifications at production through modifying F (X, E i , cp t ). The total number of muons produced in a shower is given by
The projection h(X) = F (X, E i , cp t )dE i dcp t is the so called total/true Muon Production Depth (MPD) distribution. It represents the production rate of muons in g/cm 2 . Its shape and features are discussed in [10] . This distribution gives the position where the charged pions decay, which means that it tracks the longitudinal development of the hadronic cascade. The apparent MPD-distribution, the one that is experimentally accessible, corresponds to the distribution of the production depths of muons that arrived at a given location on the ground after propagation, and thus would be affected by changes in the energy spectrum. The depth at which the apparent MPD distribution reaches the maximum is denoted as X µ max . Note that, only the apparent X µ max is experimentally accessible, so in this paper, it will correspond to the apparent maximum.
In this paper, a library of showers simulated with CORSIKA (v7.4100) [11] was created, and each individual F (X, E i , cp t ) distribution recorded. The library contains samples of 100 showers for each primary (proton and iron) at zenith angles (θ) 0
• , 20
• , 40
• , 60
• and 70
• , and energy 10 19 eV, with the models EPOS-LHC and QGSJet-II.04. The kinetic energy cuts were set to 0.05 GeV for muons and hadrons, and the altitude was set to 1400 m a.s.l., with the magnetic field of Malargüe, Argentina, site of the Pierre Auger Observatory. 
Modification of the muon energy spectrum
The shape of the transverse momentum distribution of muons within EAS is universal, and does not depend on the primary particle type, zenith angle, or hadronic interaction model [8] . Therefore we have chosen to study the effects of changes in the energy of muons at the production point by scaling | p| or E i while maintaining the transverse momentum p t constant. This necessarily implies a change in the angle of the 3-momentum with respect to the shower axis α, given that sin α = cpt Ei . For a given depth X, the energy distribution E i can be given by:
In figure 1a, f X (E i ) is plotted for the depth X ∈ [X µ max − 25, X µ max + 25] g/cm 2 , while in figure 1b, the muon spectrum of proton and iron QGSJet-II.04 and iron EPOS-LHC is compared to the one from proton EPOS-LHC. The spectrum is harder for iron primaries than for proton primaries and is harder in the case of QGSJet-II.04.
The high energy tails of the muon spectrum follow a power law E −2.6 , which is connected to the cascading process of the parent pion [12] . Thus, a power law-like modification of the energy spectrum is introduced, with the form:
This transformation is able to effectively modify the spectrum making it harder or softer, while maintaining the main characteristics essentially unchanged. The parameter δ is the number modulating the modification. In figure 1a , the EPOS-LHC proton is changed by δ = −0.1 and δ = +0.1, in green and black lines respectively. The corresponding ratios are displayed in figure 1b. Note that the modification becomes a linear evolution as a function of log 10 E as E δ 1+ln E. It can be seen that EPOS-LHC with δ = +0.1 is very similar to QGSJet-II.04 iron, and thus δ = ±0.1 can be taken as the typical order of magnitude for the uncertainty of the energy spectrum of muons. Figure 2a displays the average production energy for both models and compositions. It also includes the average energy for proton EPOS-LHC changed with δ = ±0.1. In figure 2b , we can see the evolution of the average energy with the δ parameter for the modified proton EPOS-LHC model (the shadow bands corresponds to the different models and composition). 
Fast transport model
Full CORSIKA simulations are time and space consuming. Nevertheless, there is no need to repeat a full simulation each time the energy of muons at production is changed. Muons can be easily propagated to ground by means of a separate fast transport code that uses the modified distribution
as the only input (as demonstrated in [8] ). The transport code is implemented in two steps: muons are produced along the shower axis at a depth X (which corresponds to a distance from ground z), with an energy E i , transverse momentum p t and a random polar angle, sampled from the F (X, E i , cp t )-distributions with weight w i . The weight represent a bunch of muons and can be chosen to reduce the computation time. Muons are then propagated to ground following a straight line according to their 3-momentum, and accounting for the continuous energy loss; in a second step, the multiple scattering and magnetic field effects were included, the impact point on ground was corrected, and finally, the energy loss, arrival time delay, and decay probability are re-evaluated. At the end of the fast simulations, the distributions of muons at the ground is obtained as a function of: final weight w f (due to the decay probability), distance to the shower axis r and polar angle ζ of the impact point at ground, energy at ground E f , and the different contributions to the overall arrival time delay with respect to a plane shower front, among them, the time delay due to subliminal velocities t , which is referred as kinematic delay [8] .
In addition to energy loss processes, multiple scattering, and magnetic field deflections, muons can decay in flight with a certain probability, in which case some information is lost. The latter phenomenon plays a fundamental role in shaping the distributions of muons at the ground: the muon lateral distribution, time distribution and energy spectrum are suppressed in the regions dominated by low energy muons.
In figure 3a , the dashed lines are the energy spectrum for all the produced muons for proton EPOS-LHC while the full line represents the energy distributions of muons at production including only those that reach the ground. Most muons are produced below 3 GeV (peaking at ∼ 0.3 GeV). A significant fraction of these low energy particles decay before reaching the ground while higher energy muons will mostly survive.
From figure 3b it can be seen that at the ground the average log 10 (E i /GeV) for δ = +0.1 with EPOS-LHC proton is similar to iron EPOS-LHC. This smaller effect, with respect to the effect of δ = +0.1 at production, can be understood through atmospheric energy losses and muon decays. • zenith angle, in (a). In (b), the average energy at production is plotted for muons arriving at ground.
Number of muons on the ground
Near the shower core, cosmic ray detectors can be saturated, due to the high particle density. Far from the core, the limited size of the detectors limits the sensitivity to very low particle densities (particle per unit area). Therefore, only muons between 500 m and 2000 m are considered, and a truncated number of muons is defined as N µ = 2000 500 ρ µ (r)rdrdζ. The number of muons at the ground is plotted in figure 4a . As expected, the iron samples and the EPOS-LHC samples have more muons than proton or QGSJet-II.04 samples, respectively. From this figure it is also possible to see that a change in the proton EPOS-LHC spectrum by δ = ±0.1 results in a modification of the number of muons at ground that still remains within the values for proton and iron with the QGSJet-II.04 model. In figure 4b , the ratio of the muon number at ground between the modified and original spectrum distributions (ratio=N µ (δ)/N µ ) for each primary and model can be seen. Notice that results are similar for the same value of δ in all primary and model samples. Moreover, one important prediction, of the muon energy spectrum modification, is the behaviour with zenith angle. The relative importance of this effect increases with zenith angle. At higher zenith angles, muons will travel, on average, larger distances before reaching the ground, making the decay of low energy muons more important. • (a) and ratio between the changed (with δ = ±0.1) and unchanged LDF, for all models and compositions (b).
The average Lateral Distribution Function (LDF) of the muons over a given sample of showers with the same primary and zenith angle can be built as the average number of muons per unit area at ground as a function of the perpendicular distance to the shower axis r. Figure 5 shows an example for 40
• showers. From figure 5b it is possible to see that variations δ = ±0.1 induces a change of the order of 10% in the absolute muonic LDF. Moreover, it can be noted that the LDF is more sensitive to changes in the muon energy spectrum for lower distances to the shower core.
A modified NKG [13] function f LDF (r, ρ 1000 , β µ ) = ρ 1000 r r opt βµ r + r scale r opt + r scale βµ ,
with r opt = 1000 m and r scale = 700 m, was chosen to fit the average LDF, where ρ 1000 (normalization) and β µ (LDF slope) were left as free parameters. The range of distances to the core allowed in the fit (r ∈[500,2000] m) justifies this particular choice of only one degree of freedom for the shape parameter β µ . The results for β µ are plotted in figure 6 . The slope is very similar in all samples, and the differences around ∼ 5% come essentially from the composition and not from the model. The effect of changing the muon spectrum is similar for all models and primaries and is around ∼ 2%.
It is interesting to see that the β µ parameter is not very sensitive to a change in the spectrum, while the total number of muons is more sensitive. More important is that the dependence of the muon number with zenith angle changes with the energy spectrum modification, which is a distinctive behaviour, while β µ is constant. These features could be used to identify discrepancies between data and simulations regarding the muon energy spectrum. Comparison between the changed spectrum models and unchanged models, β µ,δ=±0.1 /β µ,δ=0 (b).
4.1.
Maximum of the muon production depth, X µ max , and arrival time delay The apparent MPD-distribution is made from muons arriving at a particular region at the ground. Thus, only those muons that subtend an angle α compatible with the solid angle contained by the observation region to the production point will contribute to the apparent MPD-distribution. Notice that since sin α = cp t /E i , this automatically selects a fraction of the muons that were produced. Moreover, decay and other propagation effects also modify the shape of the MPDdistribution depending on the energy at which muons were produced. Altogether, despite having the same total MPD-distribution, h(X), a change in the energy spectrum effectively changes the apparent MPD-distribution which is observed at ground.
The X µ max is plotted in figure 7a for the different studied samples. In this plot, only the muons with distances between 1700 m and 4000 m to the core were tracked 1 . In this range, there are several equivalent energy thresholds for muons due to different distances crossed in the atmosphere, but it is enough to study the overall differences. The maximum is reached higher for iron primaries and in the EPOS-LHC model compared to the QGSJet-II.04. The modification in the energy spectrum with δ = +0.1 changes the apparent MPD approximately −10 g/cm 2 at 20
• while there is no effect at 60
• . The effect appears again for higher zenith angles but with an opposite sign with respect to vertical showers (∼ +5 g/cm 2 at 70 • ). Since the average energy of muons at production decreases with the increase of the depth, the modification of the energy spectrum by a factor E δ increases the importance of high energy muons, which are produced in early stages of the shower. This makes X µ max to become smaller. On the other hand, for very inclined showers, for instance those with θ = 70
• , all low energy muons are highly suppressed due to decays, and therefore this effect is not present anymore and higher order effects begin to give non-negligible contributions. These effects are essentially related with the angle of emission of the muons.
Variations of the energy spectrum produce a net change in the angular dependence of the X µ max of the apparent MPD of the order of X µ max (60
. In [8, 9] it is shown that there is a one-to-one correspondence between the delay accumulated with respect to a shower front plane, the geometrical delay, t g 1 2 r 2 z , and the production depth of each individual muon through its production distance to the ground z. Furthermore, this is what is used by the Auger Collaboration [14] to experimentally reconstruct the apparent MPD distribution of single events [7, 15] . A direct calculation shows that the time delay changes by ∼ 5 ns at 40 degrees and 1000 m from the shower core.
The kinematic delay, t , acts as a second order correction to the total arrival time delay, and becomes less important as the distance to the shower core increases. Experimentally, it must be subtracted from the total time delay in order to access the geometric time delay. We have found that changes in the energy spectrum of muons produce a shift which is practically constant as a function of the distance to the shower core which is of the order of ∼ ± 3 ns for δ = ∓0.1 (at 1700 m, see figure 8 ). This would correspond to a bias on the reconstructed X µ max of the order of ∼ 11 g/cm 2 at 60 degrees at r = 1000 m or ∼ 4 g/cm 2 at 1700 m.
Signal in water Cherenkov detectors
In the previous section, the numbers of muons at ground were directly considered. Nevertheless, water Cherenkov detectors, like the ones used at the Pierre Auger Observatory or Ice Top, record signals with a non-negligible dependence on the energy of the muon. On one hand the emitted Cherenkov light depends on the velocity of the particle, until a plateau. On the other hand, high energy particles can also produce δ-rays which generate an electromagnetic cascade inside of the tank giving additional contribution to the recorded signal.
The average signal emitted by a muon is drawn in figure 9a . The equation that translates the muon kinetic energy into signal (in arbitrary units) was obtained considering that the muon traverses vertically a volume of water with 1.2 m thickness (similar to what happens for the Pierre Auger detectors). Two physical phenomena were considered: Cherenkov light emission and δ-ray production. The first one has an explicit dependence on the muon velocity, β = v/c and is represented in the figure by the blue dotted line. During the passage through the water the muon will lose on average 240 MeV. This amount of energy was removed from the muon kinetic energy before computing the Cherenkov yield. Note that once the muon becomes relativistic the number of emitted Cherenkov photons becomes independent of the energy of the particle. The δ-ray effect was included following a parametrisation motivated from [16] . For muons, this effect becomes more noticeable above 1 GeV and the contribution to the recorded signal increases logarithmically its energy.
In this section we calculate what would be the sensitivity to the changes on the energy spectrum of muons at production, of the signal observed by detectors similar to those used in the Auger Observatory.
In figure 9b , the muon energy at ground is shown in dashed lines and in full lines the same distribution weighted by the signal that muons leave in the water is drawn (from figure 9a). The less energetic muons do not leave signal, while the higher energy tail is increased. The size parameter S 1000 (equivalent to ρ 1000 ), which is proportional to the total number of muons is displayed in figure 11a . Also here a very similar behaviour to that of the total number of muons (from figure 4) is observed.
The average LDF, similar to figure 5, can be built for the muonic signal at the ground and fitted again using eq. 5. The slope β S and the size parameter S 1000 are plotted in figures 10 and 11, respectively. The effect of changing the energy spectrum by δ, on the parameter β S is similar to the one found in the previous section.
In summary, despite the dependence of the signal recorded by the water Cherenkov detectors with energy, all the tested observables present sensitivities to the muon energy spectrum that are similar to those found by considering directly the muons at the ground. Figure 11: The S 1000 parameter of eq. 5 for the signals at the ground (a). Comparison between the changed spectrum models and unchanged models, S 1000,µ,δ=±0.1 /S 1000,µ (b).
Sensitivity of the variables to the δ modification
In this section the effect of changing the muon energy spectrum with eq. 1 is shown for different δ parameters. In figure 12a , the ratio
is plotted for x = β µ , ρ 1000 , β S , S 1000 and N µ , at θ = 40
• . Both β µ slopes change very little with the parameter δ. As seen before, the size parameters change around −35% at δ = −0.4 to +20% around δ = +0.4. We saw that the effect on δ depends on the zenith angle, so in the figure 12b the parameter ∆ 60
(20 • ) is plotted. For the size parameters, the modification affects more the results at 60
• than at 20
• . (60
(20 • ) as function of δ (b). The shadow bands contain all compositions and models used and the line is their respective average value.
Effect on the MPD
The energy modification on the apparent X µ max changes drastically with zenith angle, as can be seen in figure 13a . At lower zenith angles (θ < 60
• ), the apparent maximum on the MPD increases for negative δ and decreases for positive δ. At 70
• , we can see the contrary behaviour and at ∼ 60
• the maximum is almost constant with δ. This behaviour comes from different characteristic of the muon production and transport. The number of muons in the shower depends on its stage of development which is less sensitive to changes on the zenith angle for more inclined showers. Additionally, the modification of the muon energy spectrum changes the relative importance between low energy and high energy muons (by altering the muon survival probability) producing distortions in the MPD profile that lead to subsequent differences in the X µ max . Finally, for more inclined showers, the propagation effects become more important and at 70
• , more muons survive with positive than with negative δ. 
Summary
We have studied the impact of changing the muon energy spectrum at production on EAS observables related to the muon shower component. The muon content at ground increases between 5% at 20
• zenith angle to 17% at 60
• zenith angle when the muon spectrum is changed by E δ , with δ = +0.1. This introduces an additional dependence on the observed number of muons at ground with respect to the zenith angle, that might be measured by experiments.
The slope of the average LDF β µ , measured through a modified NKG function for r ∈ [500; 2000] m, is relatively insensitive to variations in the energy spectrum, changing by around 2% for δ = +0.1.
The maximum of the apparent MPD X µ max changes by 10 g/cm 2 , and the kinematic delay changes by 3 ns independently of the distance to the core. In the MPD reconstruction algorithms, the kinematic delay is usually parametrized from models and subtracted from the total arrival time delay in order to access the pure geometric transformation from arrival times into depth. This could introduce a bias on the reconstructed apparent X µ max of the order of ∼ 5 g/cm 2 at 60 degrees and 1700 m from the core, or 10 g/cm 2 at 1000 m. The parameters studied in this work are summarised in table 1, for proton EPOS-LHC simulated at θ = 40
• . Since the effect of the modified spectrum is different with zenith angle, we define the variable ∆ (20 • ) , where x δ=0 is the parameter without modification, and it is also given in table1.
It should be kept in mind, that the large number of muons on data might be caused simply by an increase in the overall number of produced muons. In that case, the shape of the muon content should be just a normalization factor at some energy for all angles. Nonetheless, if some different effect plays a role (and also due to the propagation effects in the atmosphere) the final muon normalization factor might depend on the shower zenith angle. According to [17] , the excess on the total signal seen in data of the Auger Observatory changes with zenith angle. This effect contains also the information about different muonic/electromagnetic ratios per angle, but it might suggest a difference in the muon normalization. In the near future, with the upgrade of the Auger Observatory(AugerPrime) [18] , it might be possible to clarify this feature and understand where the differences in the muon component of air showers come from. 
